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Abstract 

We prove that the steady-state Navier-Stokes problem in a plane 
Lipschitz domain Q, exterior to a bounded and simply connected set has 
a D-solution provided the boundary datum a G L'^(dQ,) satisfies 

1 



> 

Tj- . _L / a ■ n < 1 

^ . ^'^ Jan 

If D, is of class C ' , we can assume a G W-'^''^'*{dQ). Moreover, we 
show that for every D-solution (u,p) of the Navier-Stokes equations it 
holds 

for all k £ N \ {1} and for all positive e, and if the flux of u through a 
' circumference surrounding Cn is zero, then there is a constant vector uo 

5— ( ' such that 

' u = ixo + o(l). 



1 



1 Introduction 



Let 
(1) 



with Q,' bounded and simply connected Lipschitz domain^. As is well-known, 
the steady-state Navier-Stokes problem in il is to find a solution {u,p) of the 
system [11]^ 



(2) 



Alt — u ■ Vit = Vp in rt, 

div u = in 17, 
u = a on dil, 



where u, p and a are respectively the velocity, the pressure and the boundary 
datum. In [26] we removed the classical zero flux condition 







for the existence of a solution of system (2)'^. Indeed, by following the well- 
known approach of invading domains of J. Leray [21], we proved existence of 
a solution [ui.pg) G D^'^(r2) x L^^^fjl) of problem (2), we shall call Leray 
solution, provided a € W^^^^'^^dfl) and 



(3) 

with 

(4) 



K 

2^ 



a ■ n 



<1, 



sup 



/ (log r)div (</5 • Vtp) 

JR2 



< +00. 



By well-known results of D. Gilbarg & H.F. Weinberger [16] and G.P. Galdi 
[12] ui is known to be bounded in a neighborhood of infinity CC/fp and there 
is a (unknown) constant vector Mq such that 



(5) 



pi{x) = o(l), 
ui>{x) = tto + o(l) 



^See Remark 4.7. 

^As is always possible, we assume throughout the kincmatical viscosity coefficient equal 
to 1. 

^See [11], Ch. IX, and [12]. 
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and 



(6) 



Moreover, in [11] it is proved that^ 



(7) 



VfeP£(x) 



0(1), 



for all keN. 




for all fc G N and for every positive e. Let us note that (5)i, (7) and (8) hold 
for every solution {u,p) of (2)i_2 such that [17]^ 



for some Cfj„ D ft', we shall call D-solution^ . Moreover, (5)i is replaced by 
the weaker one [17] 

\u{x)\'^ = o(logr) 

If u vanishes on 90, C.J. Amick proved that u is bounded so that by the results 



with 1*0 constant vector. If Mq 7^ L.I. Sazonov [35] showed that u is physically 
reasonable in the sense of R. Finn and D.R. Smith [9], [37] so that it behaves 
at infinity (almost) as the solution of the Oseen problem''. To the best of 
our knowledge this is the state of the art of the problem of the existence and 
asymptotic behavior at infinity of a ZJ-solution^. 

*We set VfeV' = V . . . Vk-timeaf, Vl</3 = Vip, Vov = V- 

SPor a _D-solution (6) is replaced by Vit = 0(r-3/4 ^.^ j^^j 

®The existence of a D— solution {uf,pf) can be also find by a technique of H. Fujita [10] 
(see also [11]). Due to the lack of a uniqueness theorem we cannot compare the two solutions. 
However, if Uf has zero outflow through dCug, then Uf is bounded (see Theorem 2). 

^See Remark 3.3. 

^For ito ^ by different approaches and under suitable smallness assumption on the data 
R. Finn & D.R. Smith [9] (see also [30]) and G.P. Galdi [11] proved existence of a D-solution 
of (2) which takes the value ug at infinity . 




-0 



of [12], [17] 



(9) 



U = Uo + o(l), 
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In this paper we continue the study started in [26] on system (2) with a 
threefold main purpose: 

• to prove that k < 1 and to get the results of [26] by weakening the hy- 
potheses on the boundary datum; to be precise we shall only assume Q Lipschitz 
and a G L'^{dD.), q >2, and prove existence of a D-solution of equations (2)i_2 
which takes the boundary value a in the sense of the nontangential convergence 
for (7 > 2; if i7 is of class C^'^ , we can assume a € W~^^^''^{dfl). 

• to observe that Amick's result (9) on the boundcdncss of a ZJ-solution 
holds under the sole hypothesis that the flux of u through dCuo is zero; 

• starting from the results of [28] to show that for every ZJ-solution (tt,p) 
(10) Vp(a;) o(r-i) 

and^ 

Vfep(x) = 0(r^-3/2), 

for all £ N \ {1}. Moreover, by means of the classical Hamel solutions we 
observe that (10) is sharp. 

Notation - A domain (open connected set) Q of is said to be of class C**'" if 
for every ^ £ d^l, there exists a neighborhood of ^ in d^l which can be expressed as a 
graph of a function of class C'''"; for k — and q = 1 SI is said to be Lipschitz. We 
shall use a standard vector notation, as in [11]; {o, (ei,e2)} is a cartesian reference 
frame of with origin o and {61,62} orthonormal basis of K^; {o, (6r,6e)} is the 
polar coordinate system with origin at o; a; = (0:1,0:2) = (fjO) denotes the generic 
point of R^, with r = |a;|, x = x — o — rer; if it is a vector field in R^, by {ui,U2) and 
{ur, ug) we denote the cartesian and polar components of u respectively, and we set 
(Vix)ij — duj/dxi, drU — 6r • Vtx, dgu = eg ■ \7u, V""" — {—82,81). Cr is the disk of 
radius R centered at o; also, we set Ta = C2R \ Cr, Qr = ilf] Cr; if Sli and ^2 are 
two domains, ili (e Q2 means that Qi C f22; if is the exterior domain (1) we denote 
by Ro a positive constant such that fi' (e Crq ; the symbol c will be reserved to denote 
a positive constant whose numerical value is unessential to our purposes. We use a 
standard notation to denote (scalar, vector or second-order tensor) function spaces, as 
in [11] and, in particular D''''^{Q,) denotes the Banach space of all fields (fi € Ll^^{Q) 
such that WVkifiWLiisi) < +00; Dg'^{Q) = {ifi & Ll^d^) ■ \\\^^ k'p\\L^(n) < +00}, 
where 5 = S{x) is a function equal to the distance of x from 8i} in a neighborhood of 
dfl and to 1 in Cr^; W {q > 0) stands for the Hardy space in [39]. The symbol 
VtT, where V{G LI^^Q,)) stands for the subset of V of all vector fields u such that 

^As will appear clear from the proof the quantity can be replaced by a suitable power 
of logr depending on k. 
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u-Vip = 0, for all ip £ C^{Q.). Let be a function in Q.. Let {7(0}?e9r2 be a family 
of circular finite (not empty) triangles with vertex on dO, such that 7(^) \ {^} C fi^"; 
ip{x) is said to converge nontangentially at the boundary if 

= lim ip{x) <^ ip{x) ^ (^(^) 

a:— >^ 
(^67(0) 

for almost all ^ G The (Landau) symbols f{x) = o(g{r)) and /(a::) = 0{g{r)) (g > 
0) mean respectively that lim^ — >+oo(//g) = and //p is bounded in a neighborhood 
of infinity. If tp £ L^($l) [or (p £ 9n] we use the symbol 





[/ ^ 







to denote the integral of (p over SI [on 



Am 


= Vp 


in 


n, 


divM 


= 


in 


n, 


u 


= a 


on 





2 Some Lemmas 

Throughout the paper we shall consider the domain defined by (1) and, as 
is always possible, we assume that C'l <s Q' . 

Let us start by recalling some well-known results concerning the Stokes 
problem 



(11) 

we shall use in the sequel. 

It is well-known that if a G L^{dil), then (11) has an analytical D-solution 
in n [8], [33], [34] expressed by 

(12) U^V + (T, 

with 

cr{x) = — / an 

27rr Jon 

and n outward (with respect to fJ) unit normal to cTJ, such that u tends 
nontangentially to a and 



(13) / V 

Jon 



■n = 0. 

an 

^As is well— known, since is Lipschitz such a family of triangles certainly exists. 
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It is unique in the class of the so-called very weak solutions [27], [34]. Moreover, 
there is a constant vector Uq^^ such that [24], [33], [34] 

Vfe(M-Wo)=0(r-i-'^), 



and 
(15) 



/ 5i\\/uf + \pf)<c [ \af 
Jn Jdn 



Since ^^'^(f^i?,) ^ W^/^^'^inn) ^ L^i^i^) [18], by (14)i we have in par- 
ticular that u — Uq £ L^(ri). Moreover, it holds (see, e.g., [24], [33], [34], 
[36]) 

(i) if a e L9(ai7), q e [2, +oo], then u G wli^'^in). 

There are two positive scalars /io(< 1) and e depending only on 917 such that 

(n) if a e C°'^(917), /i e [0, /^o), then u e C°'^^(n); if Q. is of class C\ we can 
take /.(Q = 1; 

(ni) if a G W^-^/i^i{dn), g e [2, 2 + e), then (m,p) e VFi^^'," (1^) x L«,^(17); if ^ 
is of class C"'^, we can take q e (1 + oo); 

(iv) if a e 1^1^9(917), q e (2-e,2 + e),thcn (m,p) e Wi^^t^^"''''!^) x 

if VL is of class C^, wc can take q G (1 + oo). Moreover, if a S W'^^^{dVt, 
then 

/ [IV^l^ + lpl^ + ^dV^l^ + lpl^)] <c/ (lal^ + lVal^). 
Jn Jan 

The above results allow us to prove 



Lemma 1. Let Q be a Lipschitz exterior domain of M^. If a G L^{dn), then 
there is a field h S C^(r2) H D^'^(f2) which tends nontangentially to a on dO,, 
vanishes outside a disk and satisfies 

(16) \\h\\LHn) < c\\h\\ ^1.2^^^^ < c\\a\\L2^9ny 

Moreover, if a is more regular, then also h is more regular according to (i)-(iv). 



^^uo is determined by a through well-known compatibility conditions (see, e.g., [11], [27], 
[33], [34]). 
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Proof ~ Let g be a C°° cut-ofF function in M^, equal to 1 in C/j and to zero 
outside 6*2^ with R> R^. Since by (13) 

/ div (gv) = 0, 

the problem 

div a; + div (gv) ~ in 

admits a solution u; e C^{Tfj) [25] (see also [11] Ch.III). It is clear that the 
field 

{V, in fifl,, 

0, in R2 \ n^ji, 

satisfies all the properties stated in the Lemma. □ 

If n is of class C^'i and a e iy-i/«'«((9rj) {q > ly^, then (11) admits the 
solution (12) where v is a simple layer potential (plus a constant vector Uq) with 
a density in W~'^~^^'^''^{dn) [6], [34]. The boundary datum is taken in the sense 
of the unique continuous extension map from W~^~^^'^''^{dfl) into W~^^'^''^{dn) 
of the trace operator of the classical simple layer potential from W'^^'^''^{dn) 
to VFi+i/«'«(arj) [6] . Moreover, u € Ll^^iTl) satisfies (14). Therefore, by 
proceeding as wc did in the proof of Lemma 1 and taking also into account the 
regularity properties of the classical layer potentials [22] , [34] , wc have 

Lemma 2. Letfl be a exterior domain o/ R'^ of class C^'^ . If a € W~^^'^''^{dn), 
q > 4, then there is a divergence free extension h € C^(fl) D L'^(fl) of a in f2, 
expressed by {IT), which satisfies 

(18) II^IU<j(n) < c||al|^y-i/,.,(gQ). 

Moreover, 

• ifae C^'^'{^n), ii<l, then h G Ci-^(II); 

• if n IS of class C'', k > 2 and a e W'^-^/'^^'^idn), n < I, then h e 

VF'=+2'9(rj). 

The following elementary but basic Lemma was first proved in [17]. We 
give a simple proof of a slight generalization. 

I2vi^-i/9,9(an) is the dual space of W'^~'^/i' -i' (dQ). 
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Lemma 3. Let w,z € W^iCR). Then 



(19) 

Proof ~ Set 
Since 



w ■ \/z ■ — 



Cr 



< 



\Vw\ 



Cr 



1/2 



(p{r) 



2^ Jo 



wideZ2 = / W2dezi = 0, 



a simple computation yields [27] 



(20) 



w ■ Vz • — = 



Cr 



R /.27r 



P Jo 



[{wi - wi)deZ2 - {w2 - W2)dezi] 



From Scliwarz's, Wirtinger's and Caucliy's inequalities we have 



2ir 



{wi - Wi)dgZ2 



{W2 - W2)dgZi 



< 



< 



< 



■2tt 



\Wi - Wi\ 



1-K ^ 1/2 

2 



\ddZ2\ 



2-K 



27r 



\dewx\' / \dgz2\ 



1/2 



1/2 



Therefore, (19) follows from (20), taking into account that \dew\ < r\Vw\. □ 
Note that if u;, 2; e Dl-'^{R'^), letting R +00 in (19) yields 

1/2 



(21) 



w ■ Vz ■ 



< 



If w,z e VF^'Q(ri), then the zero extensions of w and z belongs to D^'^(M.'^). 
Therefore, from (21) it follows 



(22) 



w ■ Vz ■ — 

n r 



< ( / \Vw\^ I \Vz\ 
VJn Jn 



1/2 



Lemma 3 allows to quickly prove 
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Theorem 1. It holds 
(23) sup 



(log |a;|)div(<^ • Vtp) < 1. 
Proof - It is sufficient to prove (23) in C^q{R'^). In this case 



^{log\x\)div{(f -Vif) 
and (23) follows from Lemma 3. 



□ 



Lemma 4. Let {u,p) be a a solution to (^)i,2- Then for all fc G Nq and for all 



\VkP\{\xie) + YjvM 



Proof - We follow [12] (Lemma 3.10). Setting Ui = Vm and pi = Wp, the 
pair (mi,pi) is a solution of the equations 



Ami — Ml • Vm — u ■ Vmi = Vpi, 
div Ml = 0. 



(25) 

Let X = {r,9) and let {r\9') be a polar coordinate system centered at x. 
Multiplying (25)i scalarly by x' jr''^ and integrating over C\{x\ we have 

pi{r,0) =pi{r\0')+ / [Ml • Vm + m- Vmi] • -2 

Jc\{x) r' 

Hence, making use of Lemma 3, it follows 



(26) 



27r 



|pi(r',0')l <27r{bi(r,0)| + ||VM!|i2(c^(,))||VMi||i2(c^(,)).} 



Multiplying (26)2 by r' and integrating over r' G [0, 1] and 6 G [0, 27r] show 
that 



27r 



(27) |bl|lLi(Ci(i;)) < C<{ \pi{r,e)\ + \\Wu\\L2(c^[x))\\'^Ui\\L2(^c^(x)) 



Moreover, multiplying (26)i by r' and integrating over r' E [0, 1] and 6' E [0, 2tt] 
yield 

(28) |pi(a;)| < c{\\pi\\LHCiix)) + \\'^u\\L^Ci(,x))\\'^Ui\\L2^c,ix))} ■ 
Therefore, putting together (27)-(28) and using Cauchy's inequality we find 

bi(a;)| \pi{r,e)\ + \\\7u\\l2(^c,{x))\\'^Ui\\l2^Ci(,x)) 

and (24) is proved for k = 1. The proof for fc = follows the same steps. 
Iterating such a procedure as many times as we need, we then prove (24). □ 

Lemma 5. [11] Let 

1 



with \ < 2, fi < 2. If \ + i^i> 2, then 

v{x) =^ cr'^-^-", 

for a suitable constant c = c(A, 

Lemma 6. [39] If f E TH} , then the problem 

Ap = f inR2, 
lim p{x) ~ 

admits the unique solution 

p{^) I fiy) log 1^ - y\day e d^^\r^) n d^'^r'). 

Lemma 7. [5] If u e Dl-'^{R'^), then Vm • Vtt'^ e n\ 

3 Asymptotic behavior of solutions 

Let us recall that by Z?-solution we mean an analytical pair (it, p) which satisfies 
equations (2)i_2 and 

(29) / |Vm|^ < +0O, 
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for some Ci?,„ D ft'. 

We deal now with the asymptotic properties of a D-solution. To this end 
we need the following classical results of D. Gilbarg and H.F. Weinberger [17]. 

Lemma 8. If (u,p) is a D-solution, then 
(30) lim p{x) = 

and 



(31) u = o(Vlogr). 

Moreover 

(32) VM = 0(r-3/4log^/*r). 

Also, it holds [28] 
Lemma 9. If {u,p) is a D-solution, then 

Vfep(x) 0(r-i/2), 
Vfcix(x) = 0(r^-i/^), 

for all fc e N. 

The following theorem extends to more general boundary data a classical 
resuh of C.J. Amick [2], D. Gilbarg and H.F. Weinberger [17] and G.P. Galdi 
[12]. 

Theorem 2. Let {u,p) be a D-solution. If 
(34) / uflo = 0, 



then there is a constant vector Uq such that 
(35) u = Uq + o(l). 

Proof - From (2)2 and (34) it follows that there is a regular function ip such 
that u = V -'-■(/'• Therefore, we can repeat the argument of Section 2.1 of [2] 
to see that there is a curve connecting a point of dCn^ to infinity along which 
the Bernoulli function $ = p + \ \u\^ is monotone decreasing ((b) of Theorem 
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11) and this is sufficient to assert that u is bounded (Theorem 12). Hence by 
Theorem 4 of [17] there is a constant vector Uq such that 



(36) 



lim / \u{r,e)-Uo\'^ =0. 
■-^+°° Jo 



Since Vm G L''{LCiig) for all g > 2 (see, e.g., [11] Lemma X.3.2), (36) implies 
(35) by virtue of Lemma 3.10 of [12]. □ 

The following theorem concerns the asymptotic behavior of the derivatives 
of a ZJ-solution. 

Theorem 3. If {u,p) is a D-solution, then 

(37) p{x) e D' \ZCr,), 

(38) Vp(a;) = o(r-i) 
and 

Vfe+ip(.T)=0(r-3/2), 
= 0(r^-3/4), 

for every positive e and for every fc e N. Moreover, if u satisfies {34), then 
P€D^\ZCr,). 

Proof of (37), (38). 
Let 

and set 

M = D + 7. 

Let g be a regular cut-off function in M^, vanishing in Cr and equal to 1 outside 
^2R^ with Rq. Since 

/ V ■ n — 0, 

Jaca 

the problem 

div h + div {gv) — in 
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has a solution h S C^{Tpj) [11]. From (2)i,2 it follows that the function 
Q ~ (f'P is a solution of the equation 



(40) AQ + ^ div + <p = in 

where 



1=1 



and 



hi = {gv + h) ■ V{gv + h), 
h2 = 2gv ■ V(57), 
h3 = 91 ■ ^{gi)- 

By virtue of (30) equation (40) has a unique solution Q which by Lemma 5 is 
expressed by 



(41) 



27rQ(a;) = -V / {\og\x - y\)d\v h,{y)Aay - j Lp{y)\og\x - y\dc 
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By Lemma 7 divh-i G so that Lemma 6 implies that Qi G D^'^(K^) n 
£)i,2^]g2-j jjqj-^jjq [I follows in particular that 

(42) lim Qi{x) e M. 

a:— f+oc 

Now, letting R — > +00 in the relation 

/ {\og\x-y\)div[{gv)-Vigj)]day= [ {\og\x - C\){v ■ ■ eR){C)dsi^ 
Jcr JOCr 

[gv ■ V(g7)](y) ■ {x - y) 



1™ 1/ "^"^ 

Cr 



\x~y\^ 



[ {\og\x~y\)dW[{g-f)-\/{gj)]day^ [ (log |x - Cl)(7 ' V7 • eH)(C)d5c 
Jcr Jocr 

[57 ■ V(57)](y) • {x~y)day 



Cr 



\x - 
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and taking into account the behavior at infinity of v and 7, we have 

[gv ■ y i gj)]iy) ■ jx - y) ^ 
\x - y|2 
[ff7- V( ff7)](t/) ■ (x-y), 
\x ~ y|2 



Q2ix) = -2 / ■ day, 

Ib2 \x — tyi^ 

(43) 



Now, for large \x 

j 



[gv-V{g-f)]{y)-{x-y)^^ ^ f [gt; ■ V(g7)](y) ■ - v) 



\x-y\^ """" Jr2\Ci{x} |a;-yP ^ 

(t;-V7)(y)-(a;-y) 



^ Jc^{x} \x-y\^ "^"^ 

[gv ■ V {gj)]{y) - (x-y) 



da 

R2\Ci(x) 



(log|x-y|)(-y-V7)(C)-n(C)dac 

9Ci(2;) 



+ / (log|x-y|)(V-(; • V7^)(y)daj,. 

JCi{x) 



Hence 



[gv ■V{gj)]{y) ■ (x-y) 



VQ2(x) = -2V / ^ I ''^'1, ' -day 

Jr2\Ci{x) \x-yV 

(44) + 2 / r— — p dac 

_ 2 / {x~y){VvV'r^){y) ^^ 



Ciix) 



|x-y|2 



Likewise, since 



VQ3(x) = -2V / b7-V(g7)](y) - (x-y) 

Jr2\Ci(x) F-yr 

,,,, ^9 /■ (:r^g)(7.V7)(C)-n(C) 
(45) + 2 / r— — p dac 

(a;-y)(V7-V7T)(y) 



2 / ^ ^ — ' ,„ ' ""M o. 



|x-y|2 
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taking into account the asymptotic properties of v, and 7, (43), (44) and 

(45) imply 

(46) Q2{x), Qsix) = O(r^-i) 
and 

(47) ^Q2{x), WQsix) = 0(r^-2), 
for all positive e. By virtue of (30)^'^ 

so that 

(48) VkQiix) = 0{r-'-''), 

for all k £ N, and (37) is proved. By the basic calculus and (7)i 



27r 



\VQi\{R,e) = 



< 



R 



CSr, 



IV2Q1 



Hence 
(49) 



lim^ji?^ |Vgi|(i?,0)| =0. 



Then, (38) follows from Lemma 4. taking into account (47), (48), (49) and that 
p{x) = Q{x) for large \x\. 

Proof of (39). 
Since 

Ap = - Vm • Vu^ in CCijo , 
writing the Stokes formula in SfjOCCRg, taking the gradient, letting R — >■ +00 



'otherwise p(x) behaves at infinity as logr. 
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and taking into account (30), (33) i, we have 

(x-y)(Vtf VMT)(y)^^ 



(50) 



CCh„ N - 2/P 

(.-,)(V..Vn^)(,) 

(a;-y)(Vw- VMT)(y) 



I I g dfl^i 

Cc«o\Ci(x) k-yp 



-/ (log|x-C|)(V«.VMT)(C)n(C)dsc 

JaCi(2:) 

(log |x - 2;|)V(Vw • Vu'^){y)day + iP{x) 

Ci(x) 



with 



Vfc^(x) = 0(r-i-^). 
Hence, taking the gradient, it foUows 

3 

(51) 2^TV2p{x)=Y,J^ + 0{r-^), 

i=l 

where 

Ji = - V / ■ day, 

Ac„„\Ci(x) k-2/P 

/ (x-y)0 V(Vtf VttT)(y) 

Js^"^ f (log Ix - C|)(Vm • VmT)(C)(x - C)n(C)dsc- 

Jaci(x) 

Setting I a; I = R {R > Rq) and after portioning CC_r„ into CCfl,, n Cfl/2, 
and taking into account (32), we get 

\Jiix)\ < 4 / iVttp + c / r^-V2 < c|a;r3/2 
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for some positive constant c independent of R. Also, by (32)-(33) it is readily 
seen that J2ix),J3{x) = 0{r^-^/'^). Hence (39) follows for fc = 2. The proof 
of (39)1 for general k is obtained by iterating the above argument. 

The proof of (39)2 follows the above steps, taking into account that by (31), 
(32) and (38) 

Am^m- VM + Vp = 0(r"^/*log^^/V). □ 



Remark 3.1 - Note that under assumption (34) in (41) Q2 = Q3 = so that 
pGD2,i(Cc^j [28]. 

Remark 3.2 - The first basic result in [17] assures that 
(52) V2Mei'(CC7flJ. 

Hence, taking into account (31) and (2)i, it follows that Vp/^log r e V^iZCuo). 
This is sufficient to say that (40) has the unique solution (41). Therefore, 
(30) follows from (42), (46) and (48). In this way we gave an alternative 
proof of (30) based only on (52). Note that from (52) and (38) it follows that 

M- Vtte L2(CCflJ. o 



Remark 3.3 - The asymptotic results in Theorem 3 are new in the case where 
u is unbounded^^ or tends to zero at large distance. Indeed, if u tends to ei 
(say) at infinity, L.I. Sazonov [35] showed that {u,p) is physically meaningful 
in the sense of R. Finn an D.R. Smith [9], [37]. Therefore the solution enjoys 
the following summability properties (see, e.g., [11] Ch. X) 

ui-ie L^in), U2 e L^-^n), p e L1-^{CCr,), Vg > 3, 
(53) d2UieL'{ZCHo), V.s>3/2, 

aiui,Vw2, V2M, Vpe L*(CCijJ, Vt>l. 

We can say just a little bit more about the second derivatives of p. Assuming 
for simplicity m = on dQ, the solution p of the equation 

Ap + div {u ■ Vit) = 

can be written 

p{x) = / (log \x - y\)div {u ■ '\/u){y)da.y + m{x) = Q{x) + w{x), 

'^^By Theorem 2 this could happens only if Jg^ u,. ^ 0. 
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where ^{x) is a simple layer harmonic potential with a density having zero 
integral mean over d^l. By (53) and Theorem II. 2 of [5] div {u ■ Vit) G H*, for 
alH > 2/3. Therefore, by well-known results about singular integrals (see, e.g, 
[39] p. 136) we have that 

V2p(x) = V2Q(a;) + 0(r-3), 

with V2Q{x) € H\ for aU t > 2/3. o 

Remark 3.4 - It is worth noting that (38) is sharp in the sense that, in general, 
it cannot be replaced by 

(54) Vp^O{r-^-'), 
for some positive e. Indeed, the pairs 

7 7+1 

(55) ^ 
7^ + «^ 2aV7^ «2 2(7+1) 

T) — — — r ^ ' ^ ^ 

^ 2r2 7 27 + 2 

with 7 and a arbitrary constants, 7 + 1 7^ 0, define the Hamel solutions (1916) 
of the Navier-Stokes equations (see [20] p. xi). For 7 + 1 = — e/4 < (55) is a 
ZJ-solution which does not satisfy (54). 

For 7 < — 1 (55) gives a family of D-solutions of the Navier-Stokes problem 
in CCi with boundary datum 

(56) Ur = 7, Ug ^ 0. 

Therefore, at least for 7 + 1 < 0, problem (2) with the condition at infinity 

lim 11(2;) = 

r— >-+oo 

does not admit a uniqueness theorem in the class of D-solutions. Let us recall 
that ii (fi G D^''^{CCiig), Q G [1,2), then there is a constant (pQ such that (see 
[11] Lemma II.5.2) 

Therefore (55) shows that also (37) is sharp in the sense that it cannot be 
replaced by p e D^^'^iZCiig) for some q < 2. Moreover, in contrast with (53) 



18 



a D-solution vanishing at infinity and with nonzero outflow cannot belong to 
anyDi'«(CCflJ for g < 2. 
Note that 



(57) 



7 + 1< =4> I7I 



1 

2^ 



dn 



> 1 



so that for fi' = Ci the solution of Theorem 6 is not a Hamel solution. 
Remark 3.5 - From Theorem 3 it follows that 

(58) dr / ul{r,9) = ©(r^Mogr) 

Jo 

and if u is bounded, then^^ 

2lT 



(59) 

Indeed, in the polar coordinate system {r,9) (2)1^2 read 

,2 



+ UrOrUr H C/ffUr 

r r 







(60) 



-OeP + UrOrUg H a^Me H = 

r r r 

— + drUr + -dgUg = 0. 

r r 



Integrating (60) over 9 G (0,27r) and taking into account (66)3, we get 



(61) 



dr 



{p + ul){r,9)^- {ul-ul){r, 



Hence (58) follows by (31) and (38). 

Multiply (60) by r and integrate over Cr \ Cr^ . Then, we have 



(62) 



R 



Rq 



R 



ip + ul)iRo,9). 



ip + ul){R,9) 

If u is bounded, then u{r, 9) tends uniformly (in 9) to a constant vector as 
r +00. Then (62) implies that 

lim ul{r,9)= lim ul{r,9) 

r— >+oo r— >+oo 

and (59) folUows from (61), taking into account (38). o 



^^By the example in Remark 3.4 relation (58) is sharp if u = o(l). 
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4 Existence theorems 



We are now in a position to prove our general existence theorems of a D- 
solution for problem (2). 

Theorem 4. Let Vl he an exterior Lipschitz domain of and let 

(63) aeL^idn). 

If 

1 



a ■ n 

an 



< 1, 



then system [2) has a Leray solution (u.p) G D^' (fl) x Lg i^^i^) such that (30) 
holds uniformly and 

(65) M = Mo + o(l), 

with Uq constant vector; it satisfies {38), (39) and if a and/or dfl are more 
regular, then so does {u,p) according to the regularity results (i) — (iv) for the 
solutions of the Stokes problem; in particular, if a ^ L'^{dfl) {q > 2), then 

u-^a. Moreover, there are positive constants e and /io < 1 depending on fl 
such that 

(j) ifae C^^f^idil), then u G C^^^{n) for ^ £ [0, /io); 

(jj) if a eW^-^/'J^'J{dn), q e (max{4/3,2-e},2 + e), then {u,p) £ Wl^^(ri)x 
-^ioc(^).- */ ^ i^ °/ class we can take fj-o = 1 and q G [4/3, +oo); 

(jjj) a e w'-^{dn), then {u,p) e of^n) X D'/{n). 



Proof - We look for a solution of (2) in the form u = w + h, with w £ 01:^(^1) 
and h defined by (17). As is well-known [4], [33], [34], under assumption (64) 
the system 

Aw - (h + w) -Vih + w) + AC = VQ in f^^, 
(66) diviu = in ilk, 

w = on dflk 

(for all k > ko > Ro) has a solution S Wj'Q(51fc) we extend to all by 
setting Wk = in CO. Of course, Wk satisfies the equation 



(67) 



/ Vu;fc-Vv= / {h + Wk)-\'ip-{h + Wk)- / VC • Vtp, 
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for all e W^;^ink). 

Let us show that if (64) holds, then there is a positive number cq indepen- 
dent of k such that 



(68) / \Vwk\'<co. 

Jn 

To prove (68) we use a well-known reasoning of J. Leray (see also [4] and [11] 
section VIII. 7). If (68) is not true, then we can find a sequence of solutions 
{w'^}k£fi such that 



lim Jl = lim / IVw'^l"^ 

k—^ + ca k—i+oo 



In virtue of (67) the field 



Wh ~ — - 
Jk 



satisfies 



\- [ Vc^ • VtUfc ^ [ Wk- "^(fi ■Wk + I h- \Ilp ■ Wk 
Jk Jn Jn 'Jk 



(69) 



'k Jn ■Jk Jn 



for all ip G VFQ'^(r2fc). Since || Vt(;fe||i2(f2-) = 1, by the compactness theorem of 
F. Rellich from {iDfcjfcgN we can extract a subsequence, we denote by the same 
symbol, which converges strongly in £'^^($7), for all q £ (l,-|-oo), and weakly 
in DQ'^(ri) to a field w € D]^\^{Vl), with ||Vi(? 11^2(^2) < 1- Letting k — s- +00 in 

(69) , we sec that the field tt) is a weak solution of the Euler equations 

w ■ Vw + VQ = in Q, 

(70) diviy^O inn, 

w = on dn, 

for some pressure field Q G W^^^(fl), q E [1,2), constant on dft [19]. Now, 
choosing (f = to^. in (69) we get 

1 ^ Wk - Vwk ■ cr + / Wk - Vwk ■ (h- a) 

, . Jn Ja 

If 

+ -r {h- Vu^fe • h - Viofe • VC). 
•Jk Jn 
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By (22) 



/ Wk ■ VWk ■ CT 


1 






< — 
- 27r 


/ an 


j 


Jn 


Jdn 


Jn 



1 

2^ 



an 



Therefore (71) yields 
1 

1 - ■ 

(72) 



27r 



/ an 


<-j 


Jdn 


Jn 




1 







Hence, taking into account that by (16) 



h ■ Vwh ■ h 



< 



\h[ 



1/2 









f 1 


vc 




/ Vwk ■ vc 













and letting k 
(73) 



in (72), it follows 



/ an 


<-l 


Jdn 


Jn 



Taking into account that Q is constant on 9ri (say Qo) and C is divergence free 



we have 



(74) 



of C-n^O. 
Jon 



Since, under assumption (64), (73) and (74) are incompatible, we conclude 
that (68) is true. Therefore, by the compactness theorem of F. Rellich from 
{lyfejfcgN we can extract a subsequence which converges strongly in L^^^{Q) and 
weakly in /^^'^(ri) to a field w € D^'q{U) that a well-known argument shows 
to be a solution of equations (66) (see, e.g., [38] Ch. 5). 

(65) is proved in [12], [16], while (30), (38), (39) are consequence of the fact 
that It is a D-solution. As far as the boundary datum is concerned, let us note 
that u = h + w attains a in the following sense 



h 
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where tr^g^ stands for the trace operator in the Sobolev space DQ''^{fl). If 
a £ L''{dVl) {q > 2) then h G L^''(ri) so that by weU-known estimates about 
solution of the Stokes problem w G W^^^{fl), for some s > 2. Hence by 

Sobolev's lemma it follows that w is continuous in and u-^a. Of course, 
if a e C{dft), then u G C°°(fi) n C{^1). Moreover, (j)-(jjj) are consequence of 
(i)-(iv), □ 

It is not difficult to see that the above argument can be repeated for bound- 
ary data a G W^^'''''''{dfl), q > 4, provided we make use of the divergence free 
extension of a defined in Lemma 2 and assume that^^ 

(75) |(a,n)| < 27r. 
Indeed, the following theorem holds. 

Theorem 5. Let fl be an exterior domain of of class C^'^ . If a G 
g > 4, satisfies {75), then {2) has a D-solution 

uGLlM^L^i^CR,). 

Moreover, 

• ifaGC^^^'{^n),^lG{Q,l), then 

{u,p)Gct^mxc^^i:m, 

• ifnis of class {k > 2) and a G W'^-^/i^'^idfl), then 

{u,p) G W^^m X w!:-''\Ti). 

Let f2 be polar symmetric, i.e, 

{xi,x2) e ri => {-xi,-x2) G ri. 

If a is polar symmetric, i.e, 

(76) a(C) = -a(-C), 

for all C G dVi, then the field h can be constructed polar symmetric and we can 
find a polar symmetric solution of (66). As a consequence, the solution {u,p) 
in Theorem 4 satisfies the symmetry properties 

u{x) = —u(—x), 

(77) ^ ' ^ ' 

p{x) =p{-x), 



-"^^By (a,n) we mean the value of the functional a G W ^^i'i{dQ) at n. 
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for all X G ri. Since by (77)i 

Jo 

for all R > Rq, hy Poincare's inequality we get 

(78) / < cR' f |VM|^ 

with c independent of R. Therefore, by the trace theorem and (78) 

(79) r \u\\R,e)<c[^ I \u\^+[ \VuA<c[ \Vu\\ 
with c independent of R. Hence it follows 

(80) lim / |itp(i?,6i) = 0. 

By virtue of the results of [12], [17], (80) is sufficient to conclude that 

(81) lim u{r,e) = 0, 

uniformly in 6. Therefore we can state 

Theorem 6. Let Q, he a polar symmetric exterior Lipschitz domain of M^. // 
a G L^{dfl) is polar symmetric and satisfies (64), then (2), (81) has a Leray 
solution which satisfies (j)-(jjj) and (30), {65), (38), (39). Iffl is of class C^'^, 
then we can assume a S W~^^'^'^(dQ). 

It is evident that (79) holds for every polar symmetric ZJ-solution. Hence 
it follows 

Theorem 7. A polar symmetric D-solution tends to zero at infinity. 

The Hamel solutions (55) are polar symmetric and for 7 < — 1 have finite 
Dirichlet integrals. Since we can choose 7 close to —1 as we want, we see that 
Theorem 7 is sharp in the sense that (at least for 7 < — 1) a polar symmetric 
solution cannot tend to zero at infinity as r~'^ for some positive e. Note that by 
virtue of (57) these considerations do not apply to the D-solution of Theorem 
6. 

Remark 4-6 - Existence of a solution of (2) with less regular boundary data 
(say in L'^(dfl) and VF~^/*'''(9f2)) have been studied by several authors for 
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bounded and regular domains with connected boundaries (see [1] [14], [15], [34] 
and the references therein). As far as Lipschitz domains are concerned, to the 
best of our knowledge problem (2) (with L'(9r2) data) has been considered 
only for bounded domains in [31], [33], [34] under a restriction on the flux, in 
[7] for small data and in [32] for domains symmetric with respect to the xi 
axis, ai pair function of X2 and a2 odd function of X2- In [30] the classical 
Finn-Smith theorem [9] has been proved for Lipschitz domains and boundary 
data in i°°(9f}). o 

As we said in the introduction, there is another technique, based on a 
Galerkin's type scheme and due to H. Fujita [10] to prove existence of a D- 
solution of (2), we shall call Fujita solution. It reduces the problem to find the 
uniform estimate 

/ |Vti;|2<c, 
Jn 

for every solution w e D^''^{il) with compact support in of the systcm^^ 

Aw - {h + w) ■\/{h + w) + AC = \'Q mn, 
(82) divw = inn, 

w = on dn,, 



where now h has the form (17) with Q = ^'^{9SoV)i — V^r; and gsg Leray- 
Hopf cut-off function of the regularized distance g{x) equal to 1 for g{x) < ciSq 
and vanishing for g{x) > 0260- A straightforward calculation yields the relation 



Vu;|^ < / w -Vw ■ h + c{So) 



















1 


[Jdn 


Jdn 





By a classical procedure we have (see, e.g., [11], [40]) 



/ w ■ Vw ■ C 


< a{So) 1 


Jn 


Jn 



with 



Moreover, by (22) 



lim a((5o) — 0. 

5o-i-0 



/ w ■ ■ — 




Jn r 


Jn 



'^Clear expositions of this approach can be find in [11], [20], [40]. 
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so that if (64) holds, then there is a constant c independent of w such that 











1 iVlop < c< 










Jan 


.Jon 













1 5\Vu\^<c< 


f \a\' + 








Jan 


Jan 





(83) 



Therefore, taking also into account (15), we have 

Theorem 8. Let fl be an exterior Lipschitz domain of M^. If a satisfies (63) 
and (64) then (2) has a Fujita solution {u,p) such that 



(84) 



Theorem 9. Let il be an exterior domain of of class C^'^. If a E 
W-^/*'^{dn), satisfies (75), then {2) has a D-solution u e Lf^^{n). 

It is quite evident that the Fujita solutions enjoys all the regularity prop- 
erties as those of the Leray solution. The only substantial difference is that 
the latter is always bounded while by Theorem 2 we know that the former is 
bounded for zero outflow. 

Remark ^.7 - It is not difficult to see that Theorems 2-9 can be stated for 
the system 



(85) 



Am — u ■ Vit — Vp = / m n, 
divu ~ in fi, 
u = a on dVL 



in the more general exterior domain^^ 

m 

(86) n = M?\Tv, = IJ ^i, n Tij 



1=1 



with dfli Lipschitz and connected, provided 

(87) fen\n) 

Lemma 1 continues to hold for the domain (86); in such a case 



J_ ^ (x - Xj) r 
'2vr ^ \x-Xi\^ Jan,"''' 



where Xi is a fixed point of 
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vanishes outside a bounded set , is polar symmetric in Theorems 6, 7 and 



-T 



< 1 



(E"i < 27r for of class C^^^ and a e ^^-^/^'^(ai^)). Under assump- 

tion (87) {u,p) satisfies (85) almost everywhere in 51 and u is continuous in 
[3]. Moreover, if div/ € H^{n), then p is continuous in f2. Moreover, (84) 
becomes 



\f\\n^ 



5 A uniqueness theorem 

Uniqueness of a D-solution converging to a nonzero vector at infinity^" is a 
complicated question and only in few cases we know as to determine small 
uniqueness classes (see [9] and [11] Ch. X). We aim at observing now as unique- 
ness could be linked with the boundary data at least in particular situations: 
the potential flows. 

Let us consider the harmonic simple layer potential with density ■0^^ 

(88) v{x)^^ f ^(C)log|a;-C|dsc 

and the Navier-Stokes problem 



(89) 



• Vm 


= Vp 


in f2. 


div u 


= 


in 17, 


u 


= a 


on dil 


u 


= ei -F 


-o{l), 



with the boundary datum 

(90) a(C) = V«(C)+ei. 

^^This is not necessary for the existence of a D-solution to (85). It is worthy to note that 
for the validity of Theorem 2 it is sufficient that (34) holds for a circumference surrounding 
W. 

•^'^ Recall that uniqueness does not hold when the D-solution is zero at infinity at least for 
large Reynolds numbers (see Remark 3.4). 

^^It can be proved that every harmonic function tt in a Lipschitz exterior domain Q of 
such that u = o(r) and tv^gdU £ W^''^(d^l), is expressed by (88) for some tp g L^{dQ). 
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Note that by 

/ an= dnV = j ip. 
Jan Jan Jan 

The pair 

(91) (Vi. + ei,-i|Vwp-9iw) 

is a Z)-solution to (89), (90). By what we said above, we could have other a 
priori different D-solutions of (89)-(90), as the Finn-Smith, Galdi, Leray and 
Fujita sohitions. Let shows that if 



(92) / |^|<27r, 

Jan 

then all these solutions coincide. Indeed, the following theorem holds. 

Theorem 10. Let fl be an exterior Lipschitz domain of M."^ . If E L^{dfl) 
satisfies {92), then [91) is unique in the class of all D -solutions. 

Proof - Let {u + w,p + Q) be another D-solution to (2), (90). Then {w, Q) 
satisfies the equation 

Au; — {u + w) ■ Vw — w ■ Vu = VQ in fi, 
divtt) = in ri, 

(93) 

w = Q on dVt, 
w ~ o(l). 

Let g(r) be a regular function, equal to 1 in Cr, vanishing outside C2R and 
such that IV5I < cR"^ . Then by a standard computation we get 



(94) 



/ g\Vw\^ ^ I [\\w\^{u + w) + {u-w + Q)w]-Vg 
Jn Jt„ 



+ / gw ■ Vti) • u. 
Jn 
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By Holder's inequality and (53) 



1/4 



W 



Tr 



1/4 



Tr 



1/2 



\wfdig 



< 



R 



Tr 



1/2 



Tr 









- r\ 





Qw ■ \/g 



Likewise, 
Moreover, 



< 



R 



1/2 

J 

1/4 



1/2 



Itr ' ' Itr } iXnl 

/ (u ■ w)w ■ Vg 

Jn 



0(1), 

1/2 



= 0(1). 



0(1). 



gw ■ Wwi 



in 
By (22) 



wiw ■ Vg 



Tr 



< 



R 



Tr 



1/2 



Tr 



1/2 



o(l) 



/ w- \/w ■ Vv\ = 


/ vVw ■ Vw^ 


Jn 


Jn 



1 

2^ 
1 

2^ 

il,2 



/ V(C) / Vu;- Vi(;'^log|a:;-C|da^ 
Jdn Jn 



^(0 / ^'■V^^-^^da, 

dn Jn p — 1,| 



< 



for all to e £'i;o(^^)- Therefore, letting i? +00 in (94), we have 

(2^-||V'|Ui(ao)) / |V«;p<0. 
Hence uniqueness follows at once. 

Remark 5.8 - Note that if 



v{x) 



filogr 
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then 

. ■ n = fi 



h 

JdCt 



and (92) takes the weaker form. 



< 27r. 



Remark 5.9 - When dil is connected and a = 0, Mq = ei, a solution of the 
equations 

Alt — u ■ Vm = Vp in il, 
divM = in il, 

^^^^ u = o on an, 

lim u{x) = ei 

r— >+oo 

represents the translational motion (with velocity — ei ) of an object in a Navier- 
Stokes fluid assumed to be at rest at infinity. As we remarked in this paper, 
problem (95) is completely open. By the Leray argument we know that the 
sequence of solutions of the systems 

Auk - Uk ■ Vuk = Vpfc in f2fe, 
^gg^ divMfe = in flk, 

Uk = on (9ilfe, 



Uk = ei on dCk 

converges to a D-solution to (95)i,2,3 and there is a constant vector Uq such 
that [16] 

lim u{r, 0) = Mq, 

uniformly on 9. However, we do not know Mq so that in principle it could 
be zero and the Leray construction could even yield the trivial solution, as 
it happens for the Stokes paradox (see Section 6). C.J. Amick excluded this 
possibility for domains of class C"^, symmetric with respect to the xi-axis [2] 
(see also [12]). This result has been recently extended to symmetric Lipschitz 
domains in [29]. 
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6 Some remarks on the Stokes paradox 



More in general, introducing the Reynolds number A ~ vl/v, with v, I refer- 
ence velocity and reference length, and v kinematical viscosity of the fluid, the 
steady-state Navier-Stokes problem in an exterior Lipschitz domain fl of 
writes 

Alt — Am • Vit — Vp = / in il, 
div u = in 51, 
^ ' u = a on oil, 

lim u{x) = Uq. 

Of course, for A = (97) reduces to the Stokes problem 

Am - Vp = / in H, 
div M = in i7, 
^ ' u = a on oil, 

lim u{x) = Uq. 

r— >+oo 

In this section we aim at comparing the known results for systems (97), (98). 
It is well-known a Z?-solution of (98)i.2,3 exists and converges to a constant 
vector, but contrary to what happens in the nonlinear case, we know that 

(98) has a solution if and only if a e L^{dil), f E and Mq satisfy the 
compatibility condition [13], [34] 

(99) / {a-Uo)-T{h,,p,)-n+ f f-h, = 0, i ^ 1,2, 
Jon Jn 

with {hi, Pi) solution of^'^ 

Ahi = \/pi in n, 
div hi =0 in f2, 
hi = Ei on d^l, 
hi = o{r). 

For instance, if dfl is an ellipse, then [T{hi,pi) ■ n](^) — (^ • n(^))ei [23] and 
for / = (99) writes 



(100) 



/ (a-Mo).(^ •n(0) =0, 1^1,2. 



^^The solutions of (100) span a linear space of dimension two and every h behaves at 
infinity as logr 
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In particular, if tt is a D-solution of (98)i_2,3, then for large R 




u,{R, e)de 



is constant and gives the vector to which u tends at infinity (Picone's mean 
theorem at infinity). 



from (99) it follows that if a = / = 0, then the only solution to (98) is the 
trivial one so that necessarily Mq must be zero (Stokes' paradox). The results 
of R. Finn & D.R. Smith [9] (see also [11], [30]) and C.J. Amick [2] (sec Remark 
5.9) allow us to state 

Theorem 11. Let fl be an exterior Lipschitz domain o/R^. If X is sufficiently 
small or fl is symmetric with respect to an axis, then the Stokes paradox holds 
if and only if X = 0. 

Of course, a D-solution of (97) must satisfy (99) whenever the integrals 



make sense. In particular, taking into account that if is polar symmetric, 
then h{x) = h{—x) for all a; e il, we see that the solution of Theorem 6 satisfy 
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